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Abstract
In this paper we introduce generalized hyperbent functions from
F2n to Z2k , and investigate decompositions of generalized (hyper)bent
functions. We show that generalized (hyper)bent functions from F2n to
Z2k consist of components which are generalized (hyper)bent functions
from F2n to Z2k′ for some k
′ < k. For odd n, we show that the Boolean
functions associated to a generalized bent function form an affine space
of semibent functions. This complements a recent result for even n,
where the associated Boolean functions are bent.
Keywords Boolean functions, Walsh-Hadamard transforms, bent func-
tions, semi-bent functions, hyper bent functions, generalized bent functions,
cyclotomic fields.
1 Introduction
Let Vn be an n-dimensional vector space over F2 and for an integer q, let
Zq be the ring of integers modulo q. Let ℜ(z) = α and ℑ(z) = β be the
real and imaginary parts of a complex number z = α + βi, respectively.
For a generalized Boolean function f : Vn → Zq we define the generalized
Walsh-Hadamard transform to be the complex valued function
H(q)f (u) =
∑
x∈Vn
ζf(x)q (−1)〈u,x〉,
where ζq = e
2πi
q and 〈u,x〉 denotes a (nondegenerate) inner product on Vn
(we often use ζ, Hf , instead of ζq, respectively, H(q)f , when q is fixed). For
q = 2, we obtain the usual Walsh-Hadamard transform
Wf (u) =
∑
x∈Vn
(−1)f(x)(−1)〈u,x〉.
If Vn = F
n
2 , the vector space of the n-tuples over F2, we use the conventional
dot product u · x for 〈u,x〉. The standard inner product of u, x ∈ F2n is
Trn(ux), where Trn(z) denotes the absolute trace of z ∈ F2n . Most of our
general results we will present in the notation of Vn = F
n
2 . For results where
we emphasize hyperbent properties we require Vn = F2n .
We use the notations as in [8, 9, 15]. We denote the set of all generalized
Boolean functions by GBqn and when q = 2, by Bn. A function f : Vn → Zq is
called generalized bent (gbent) if |Hf (u)| = 2n/2 for all u ∈ Vn. We recall that
a function f for which |Wf (u)| = 2n/2 for all u ∈ Vn is called a bent function,
which only exist for even n since Wf (u) is an integer. Further, recall that
f ∈ Bn, n odd, is called semibent if |Wf (u)| ∈ {0, 2(n+1)/2} for all u ∈ Vn. A
jubilee survey paper on bent functions giving an historical perspective, and
making pertinent connections to designs, codes and cryptography is [3]. A
book devoted especially to bent functions and containing a complete survey
(including variations, generalizations and applications) is [10].
In Section 2 we recall some results which are of importance to our con-
siderations and will be used in the following sections. In Section 3 we intro-
duce generalized hyperbent functions, and show hyperbentness for classes of
gbent functions introduced in [9], which can be seen as generalized Dillon’s
PS functions. In Section 4 we investigate decompositions of generalized (hy-
per)bent functions. We show that generalized (hyper)bent functions from
Vn to Z2k consist of components which are generalized (hyper)bent func-
tions from Vn to Z2k′ for some k
′ < k. For odd n, we show that the Boolean
2
functions associated to a generalized bent function form an affine space of
semibent functions. This complements a recent result for even n, where the
associated Boolean functions are bent.
2 Preliminaries
We begin by collecting some results which we will subsequently use in the
paper. We start with a lemma, which is Proposition 3 in [8].
Lemma 2.1. Let n = 2m be even, and for a function f : Vn → Z2k and
u ∈ Vn, let fu(x) = f(x) + 2k−1(u · x), and let b(u)j = |{x ∈ Vn : fu(x) =
j}|, 0 ≤ j ≤ 2k−1. Then f is gbent if and only if for all u ∈ Vn there exists
an integer ρu, 0 ≤ ρu ≤ 2k−1 − 1, such that
b
(u)
2k−1+ρu
= b(u)ρu ± 2m and b
(u)
2k−1+j
= b
(u)
j , for 0 ≤ j ≤ 2k−1 − 1, j 6= ρu.
In [8] it is shown that, similar to bent functions (in even and odd char-
acteristic), the value set of H2kf is quite restricted.
Proposition 2.2. If f ∈ GB2kn is gbent, then
H2kf (u) = 2n/2ζf
∗(u)
2k
for some function f∗ ∈ GBqn, except for n odd and k = 2, in which case we
have
H4f (u) = 2
n−1
2 (±1± i).
In accordance with the terminology for classical bent functions we say
that gbent functions are regular (except for the case when n is odd and
k = 2), and we call the function f∗ the dual of f . With the standard proof
for bent functions one can show that the dual f∗ is also gbent and (f∗)∗ = f .
Let f ∈ GB2kn , then we can represent f uniquely as
f(x) = a1(x) + 2a2(x) + · · ·+ 2k−1ak(x)
for some Boolean functions ai, 1 ≤ i ≤ k. The nature of these Boolean func-
tions when f is gbent has been one of the main topics in research on gbent
functions. In the next proposition and the following remark we summarize
some main results on these Boolean functions.
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Proposition 2.3. Let f(x) be a gbent function in GB2kn , k > 1, (uniquely)
given as
f(x) = a1(x) + 2a2(x) + · · ·+ 2k−2ak−1(x) + 2k−1ak(x),
ai ∈ Bn, 1 ≤ i ≤ k, and for c = (c1, c2, . . . , ck−1) ∈ Fk−12 , let gc be the
Boolean function
gc(x) = c1a1(x)⊕ c2a2(x)⊕ · · · ⊕ ck−1ak−1(x)⊕ ak(x). (1)
(i) [8] If n is even, then for all c ∈ Fk−12 the Boolean function gc is a bent
function.
(ii) [8, 13, 14] If n is odd, and k = 2, 3, 4, then all Boolean functions gc,
c ∈ Fk−12 , are semibent.
Remark 2.4. When n is even, then a1(x) + 2a2(x) ∈ GB4n is gbent if and
only if a1 and a1 ⊕ a2 are bent (see [13]). Sufficient conditions on the
gbentness of f ∈ GB2kn are also known for k = 2 when n is odd, and in
general for k = 3, 4 (see [8, 13, 14]).
Another result about the decomposition of gbent functions is the follow-
ing theorem of [8].
Theorem 2.5 ([8, Theorem 20]). Let f ∈ GB2kn with f(x) = g(x) + 2h(x),
g ∈ Bn, h ∈ GB2k−1n . If n is even, then the following statements are equiva-
lent.
(i) f is gbent in GB2kn ;
(ii) h and h+2k−2g are both gbent in GB2k−1n with Hh+2k−2g(u) = ±Hh(u)
for all u ∈ Vn.
If n is odd, then (ii) implies (i).
Remark 2.6. In the proof of [8, Theorem 20] it is moreover shown that if h
and h+2k−2 are gbent, then f is gbent if and only if Hh+2k−2g(u) = ±Hh(u)
for all u ∈ Vn. As one of our achievements here, in our Corollary 4.6 we
will show that (i) and (ii) in Proposition 2.5 are equivalent also when n is
odd.
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3 Generalized hyperbent functions
Let f be a Boolean function from F2n to F2, and let 1 ≤ i ≤ n be an integer
with gcd(2n − 1, i) = 1. The extended Walsh-Hadamard transform Wf,i is
the integer valued function
Wf,i(u) =
∑
x∈F2n
(−1)f(x)(−1)Trn(uxi).
Recall that f is called hyperbent if |Wf,i(u)| = 2n/2, for all 1 ≤ i ≤ n with
gcd(2n − 1, i) = 1. For background on hyperbent functions we refer to the
articles [2, 4, 19].
In this section we introduce the concept of hyperbent functions for gen-
eralized Boolean functions, and show the generalized hyperbentness for a
class of gbent functions presented in [9]. For a function f ∈ GB2kn and an
integer 1 ≤ i ≤ n with gcd(2n − 1, i) = 1, we define the extended generalized
Walsh-Hadamard transform H(2k)f,i as a natural extension of Wf,i as
H(2k)f,i (u) =
∑
x∈F2n
ζf(x)q (−1)Trn(ux
i),
and call f a generalized hyperbent (g-hyperbent) function if |H(2k)f,i (u)| = 2n/2,
for all 1 ≤ i ≤ n with gcd(2n − 1, i) = 1.
In [2] Carlet and Gaborit proved that all functions in the class of PSap
are hyperbent. We proceed similarly for a class of gbent functions from GB2k2n
presented in [9], which can be seen as a function in a generalized PSap class.
We recall the functions in the next proposition. We use the convention that
y′
y = 0 if y = 0.
Proposition 3.1 ([9, Theorem 1]). Let gj : F2n → F2, 0 ≤ j ≤ k − 1,
be Boolean functions with gj(0) = 0 and
∑
t∈F2n
ζ
∑k−1
j=0 2
jgj(t) = 0. Then the
function f : F2n × F2n → Z2k given by f(y′, y) =
k−1∑
j=0
2jgj
(
y′/y
)
is a gbent
function with the dual f∗(y′, y) =
k−1∑
j=0
2jgj
(
y/y′
)
.
To show that these functions are g-hyperbent, we start with some pre-
liminary considerations. Let ω be any element in F2n \ F2n/2 , then F2n =
5
F2n/2 + ωF2n/2 . Furthermore, every y ∈ F2n/2 satisfies y2
n/2
= y, there-
fore Tr(y) = 0 for y ∈ F2n/2 . With the inner product on F2n defined by
〈y, y′〉 = Tr(yy′), the subspace F2n/2 is orthogonal to itself. Therefore,
∑
y∈F
2n/2
(−1)Tr(λy) =
{
0 if λ /∈ F2n/2
2n/2 if λ ∈ F2n/2
= 2n/2 1F
2n/2
(λ). (2)
Theorem 3.2. The function f in Proposition 3.1 is g-hyperbent.
Proof. We let g(y′/y) := f(y′, y). Analogous to Carlet and Gaborit’s proof,
for an integer i coprime to 2n − 1, we write (using x := y′ + ωy, z := y′y )
H(q)f,i (u) =
∑
x∈F2n
ζf(x)(−1)Tr(axi)
=
∑
y,y′∈F
2n/2
ζ
g
(
y′
y
)
(−1)Tr(a(y′+ωy)i)
=
∑
y∈F∗
2n/2
,y′∈F
2n/2
ζ
g
(
y′
y
)
(−1)Tr(ayi(z+ω)i) +
∑
y′∈F
2n/2
ζg(0)⊕Tr(ay
′i).
With (2) we obtain
H(q)f,i (u) =
∑
z∈F
2n/2
ζg(z)
∑
y∈F∗
2n/2
(−1)Tr(a(z+ω)iyi) + ζg(0)2n/2 · 1F
2n/2
(a)
=
∑
z∈F
2n/2
ζg(z)
∑
y∈F2n/2
(−1)Tr(a(z+ω)iyi)
−
∑
z∈F
2n/2
ζg(z) + ζg(0)2n/2 · 1F
2n/2
(a).
Substituting g(z) =
k−1∑
j=0
2jgj(z) we have:
∑
z∈F
2n/2
ζ
∑k−1
j=0 2
jgj(z)
∑
y∈F
2n/2
(−1)Tr(a(z+w)iyi)
−
∑
z∈F
2n/2
ζ
∑k−1
i=0 2
jgj(z) + ζg(0)2n/2 · 1F
2n/2
(a).
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By [2, Lemma 1], if a 6∈ F2n , then there exists a unique z such that
a(z + ω)i ∈ F2n/2 , which in turn means that Tr(a(z + ω)iyi) = 0, since
yi ∈ F2n/2 . Hence, the first term
∑
z ζ
∑k−1
j=0 2
jgj(z)
∑
y(−1)Tr(a(z+w)
iyi) in the
above expression equals ζρ2n/2 (for some positive integer ρ), if a /∈ F2n/2 and
zero otherwise. Moreover, the second term
∑
z ζ
∑k−1
j=0 2
jgj(z) equals zero by
definition, and as previously stated, the last term ζ
∑
j 2
jgj(0)⊕Tr(ay′i) equals
ζg(0)2n/2, if a ∈ F2n/2 and zero otherwise. Therefore, we see that the entire
previously displayed expression equals ζρ2n/2, for some integer ρ, regardless
of whether a ∈ F2n/2 or a /∈ F2n/2 and therefore, f is g-hyperbent.
More generally, one can generalize a classical construction of Boolean
hyperbent functions as follows. We have the multiplicative decomposition
F⋆2n = F
⋆
2m ×U where U is a cyclic subgroup of F⋆2n of order 2m+1, m = n2 .
Let f : Vn → Z2k be such that f is constant on each coset aF⋆2m for any
a ∈ U . Then
Theorem 3.3. Let k ≥ 3. Then, f is g-hyperbent if and only if∑u∈U ζf(u)2k =
ζ
f(0)
2k
.
Proof.
H(2k)f (a) =
∑
x∈F2n
ζ
f(x)
2k
(−1)Trn(axi)
= ζ
f(0)
2k
+
∑
u∈U
ζ
f(u)
2k
∑
y∈F⋆2m
(−1)Trn(auiyi)
= ζ
f(0)
2k
−
∑
u∈U
ζ
f(u)
2k
+
∑
u∈U
ζ
f(u)
2k
∑
y∈F2m
(−1)Trm
(
Trnm(au
i)yi
)
.
Now,
∑
y∈F2m
(−1)Trm
(
Trnm(au
i)yi
)
=
∑
y∈F2m
(−1)Trm
(
Trnm(au
i)y
)
,
since gcd(i, 2m − 1) = gcd(i, 2n − 1) = 1. Observe that the equation
Trnm(au
i) = aui + a2
m
u−i = 0 has a unique solution ua in U for every
a 6= 0. Thus, if a 6= 0,
H(2k)f (a) = ζ
f(0)
2k
−
∑
u∈U
ζ
f(u)
2k
+ 2mζ
f(ua)
2k
.
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On the other hand,
H(2k)f (0) = ζ
f(0)
2k
−
∑
u∈U
ζ
f(u)
2k
+ 2m
∑
u∈U
ζ
f(u)
2k
. (3)
Suppose that
∑
u∈U ζ
f(u)
2k
= ζ
f(0)
2k
. Then
H(2k)f (a) = 2mζ
f(ua)
2k
and H(2k)f (0) = 2mζ
f(0)
2k
. (4)
Conversely, suppose that f is g-hyperbent. Then, for a 6= 0,
ζ
f(0)
2k
−
∑
u∈U
ζ
f(u)
2k
+ 2mζ
f(ua)
2k
= 2mζρ
2k
and
ζ
f(0)
2k
−
∑
u∈U
ζ
f(u)
2k
+ 2m
∑
u∈U
ζ
f(u)
2k
= 2mζφ
2k
,
for some ρ ∈ Z2k and φ ∈ Z2k . Set N+r = |{u ∈ U | f(u) = r}|, N−r = |{u ∈
U | f(u) = r + 2k−1}| and Nr = N+r − N−r for r ∈ Z2k−1 and, for e ∈ Z2k ,
e = r(e) + 2k−1s(e). Then, equation (3) can be rewritten as∑
r∈Z
2k−1
\{r(ρ),r(f(0)),r(f(ua))}
Nrζ
r
2k +
(
−N
r(f(ua)) + 2
m(−1)s(f(ua))
)
ζ
r(f(ua))
2k
+
(
−N
r(f(0)) + (−1)s(f(0))
)
ζ
r(f(0))
2k
+
(
−N
r(ρ) − 2m(−1)s(ρ)
)
ζ
r(ρ)
2k
= 0.
Thus, since {ζρ
2k
, 0 ≤ ρ ≤ 2k−1 − 1} is a basis of Q(ζ2k),
Nr = −Nr(f(ua)) + 2m(−1)s(f(ua)) = −Nr(f(0)) + (−1)s(f(0))
= −N
r(ρ) − 2m(−1)s(ρ) = 0,
for every r ∈ Z2k−1 \ {r(ρ), r(f(0)), r(f(ua))}. Therefore∑
u∈U
ζ
f(u)
2k
=
∑
r∈Z
2k−1
Nrζ
r
2k
= 2m(−1)s(f(ua))ζr(f(ua))
2k
+ (−1)s(f(0))ζr(f(0))
2k
− 2m(−1)s(ρ)ζr(ρ)
2k
.
Thus
2m(−1)s(f(0)ζr(f(0))
2k
− 2m(−1)s(φ)ζr(φ)
2k
+ (2n − 2m)
(
(−1)s(fua)ζf(ua)
2k
− (−1)s(ρ)ζρ
2k
)
= 0.
Therefore, ζ
f(0)
2k
= ζφ
2k
and ζ
f(ua)
2k
= ζρ
2k
proving that
∑
u∈U ζ
f(u)
2k
= ζ
f(0)
2k
.
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4 Decomposition of gbent and g-hyperbent func-
tions
Let f ∈ GB2kn be a gbent function. In this section we continue analyzing
the nature of Boolean and generalized Boolean functions in GB2k
′
n , k
′ < k,
of which the gbent function f is (in some sense) composed.
Firstly, any function f : F2n → Z2k can be uniquely decomposed as
f(x) =
k−1∑
j=0
2jfj,
where the fj’s are Boolean functions. It has been recalled in Proposition
2.3 that, when n is even, if f is gbent then all its “components” fj are
bent functions. In fact, one can extend the previous results to g-hyperbent
functions. To this end, we make some preliminary remarks that will help
us in our analysis. Recall that when gcd(i, 2n − 1) = 1, then the extended
Walsh transform of f is
H(2k)f,i (a) =
∑
x∈F2n
ζ
f(x)
2k
(−1)Trn(axi)
=
∑
x∈F2n
ζ
f(xj)
2k
(−1)Trn(ax) = H(2k)
f(xj)
(a)
where j is the inverse of i in Z2n−1. Now, saying that f is g-hyperbent is
equivalent to say that f(xj) is g-bent for every j coprime with 2n−1. Thus,
for k ≥ 3,
H(2k)f,i (a) = 2
n
2 ζρ
2k
(5)
for some ρ ∈ Z2k . Now, Observe that
ζ
f(x)
2k
=
k−1∏
j=0
ζ
2jfj(x)
2k
=
k−1∏
j=0
(
1 + ζ2
j
2k
2
+
1− ζ2j
2k
2
(−1)fj(x)
)
. (6)
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Set
Q(X1, . . . ,Xk−1) =
k−1∏
j=0
(
1 + ζ2
j
2k
2
+
1− ζ2j
2k
2
Xj
)
= 2−k
k−1∏
j=0
∑
c∈F2
((
1 + ζ2
j+c2k−1
2k
)
Xcj
)
= 2−k
∑
c∈Fk2

k−1∏
j=0
(
1 + ζ
2j+cj2
k−1
2k
) k−1∏
j=0
X
cj
j .
Set Ac = 2
−k∏k−1
j=0
(
1 + ζ
2j+cj2k−1
2k
)
. Then
ζ
f(x)
2k
= Q
(
(−1)f0(x), . . . , (−1)fk−1(x)
)
=
∑
c∈Fk2
Ac(−1)
∑k−1
j=0 cjfj(x). (7)
Then, we have the folowing theorem.
Theorem 4.1. Let f : Vn → Z2k , n even. Then f is a g-hyperbent function
given as f(x) = a1(x) + 2a2(x) + · · · + 2k−1ak(x) if and only if, for each
c ∈ Fk−12 , the Boolean function fc defined as
fc(x) = c1a1(x)⊕ c2a2(x)⊕ · · · ⊕ ck−1ak−1(x)⊕ ak(x)
is a hyperbent function.
Proof. Let i be coprime with 2n − 1. According to (7),
H(2k)f,i (a) =
∑
x∈F2n
∑
c∈Fk2
Ac(−1)
∑2k−1
j=0 cjfj(x)+Trn(ax
i)
=
∑
c∈Fk2
AcWfc,i(a).
Now,
2kAc =
k−1∏
j=0
∑
d∈Z2
ζ
d2j+dcj2
k−1
2k
=
∑
d∈Fk2
ζ
∑k−1
j=0 dj2
j+djcj2
k−1
2k
=
∑
d∈Fk2
ζ
∑k−2
j=0 dj2
j
2k
(−1)
∑k−1
j=0 djcj .
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Then
2kAc =
∑
d∈Fk2
ζ
∑k−2
j=0 dj2
j+2k−1dk−1
2k
(−1)
∑k−1
j=0 djcj
=

 ∑
dk−1∈F2
(−1)dk−1+ck−1dk−1

 ∑
(d0,...,dk−2))∈Fk−12
ζ
∑k−2
j=0 dj2
j
2k
(−1)
∑k−2
j=0 djcj
=


0 if ck−1 = 0,
2
∑
(d0,...,dk−2))∈Fk−12 ζ
∑k−2
j=0 dj2
j
2k
(−1)
∑k−2
j=0 djcj if ck−1 = 1.
Define a “dot product” over Fk−12 by setting c · d =
∑l−2
j=0 cjdj for c =
(c0, c1, . . . , ck−2) ∈ Fk−12 and d = (d0, d1, . . . , dk−2) ∈ Fk−12 . Define the
“canonical injection” ι : Fk−12 → Z2k−1 by ι(c) =
∑k−2
j=0 ck2
j where c =
(c0, c1, . . . , ck−2). Then
H(2k)f,i (a) =
1
2k−1
∑
(c,d)∈Fk−12 ×Fk−12
(−1)c·dζι(d)
2k
Wfc,i(a). (8)
Suppose now that f : F2n → Z2k is g-hyperbent, so for every i coprime
with 2n − 1, we have
H(2k)f,i (a) = 2
n
2 ζ
f⋆i (a)
2k
for some f⋆i : F2n → Z2k . Fix i coprime with 2n − 1 and decompose f⋆i as
f⋆i = g + 2
k−1s with g : F2n → Z2k−1 and s : F2n → F2 so that
H(2k)f,i (a) = 2
n
2 (−1)s(a)ζg(a)
2k
.
Then,
∑
d∈Fk−12

 1
2k−1
∑
c∈Fk−12
(−1)c·dWfc,i(a)

 ζι(d)2k − 2n2 (−1)s(a)ζg(a)2k = 0. (9)
Now, {1, ζ2k , . . . , ζ2
k−1−1
2k
} being a basis of Q(ζ2k),
1
2k−1
∑
c∈Fk−12
(−1)c·dWfc,i(a) =
{
0 if d 6= g(a)
2
n
2 (−1)s(a) if d = g(a). (10)
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Now, let us invert (10). We have for any c ∈ Fk−12
Wfc,i(a) =
1
2k−1
∑
(c,d)∈Fk−12
(−1)(c+c)·dWfc,i(a)
=
∑
d∈Fk−12
(−1)c·d

 1
2k−1
∑
c∈Fk−12
(−1)c·dWfc,i(a)


= (−1)c·g(a)+s(a)2n2 ,
for every a ∈ F2n . Since i is arbitrary in the preceding calculation, that
shows that fc is hyperbent.
Conversely, suppose that, for every gcd(i, 2n − 1) = 1, there exists
gi : F2n → Z2k−1 and si : F2n → F2 such that, for every c ∈ Fk−12 ,
Wfc,i(a) = 2
n
2 (−1)c·ι−1(gi(a))+si(a).
Thus, for every gcd(i, 2n − 1) = 1, we have
H(2k)f,i (a) =
1
2k−1
∑
(c,d)∈Fk−12 ×Fk−12
(−1)c·dζι(d)
2k
Wfc,i(a)
= 2
n
2 · 1
2k−1
·
∑
(c,d)∈Fk−12 ×Fk−12
(−1)c·d+c·ι−1(gi(a))+si(a)ζι(d)
2k
= 2
n
2 (−1)si(a) ·
∑
d∈Fk−12

 1
2k−1
∑
c∈Fk−12
(−1)c·(d+ι−1(gi(a)))

 ζι(d)2k
= 2
n
2 (−1)si(a)ζgi(a))
2k
proving that f is g-hyperbent.
Remark 4.2. In the proof of Theorem 4.1, we have only used the fact that
the Walsh transform of f(xi) divided by its magnitude is a root of unity.
The proof of Theorem 4.1 proposes therefore an alternate proof of (i) of
Proposition 2.3. It also shows that the g-bentness of f is equivalent to the
bentness of all the “component functions” fc.
We now turn our attention to the case where n is odd and prove the
following.
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Theorem 4.3. Let f : Vn → Z2k , n odd, be a gbent function given as
f(x) = a1(x)+2a2(x)+· · ·+2k−1ak(x). If f is gbent then, for each c ∈ Fk−12 ,
the Boolean function gc defined as
gc(x) = c1a1(x)⊕ c2a2(x) ⊕ · · · ⊕ ck−1ak−1(x)⊕ ak(x)
is a semibent function.
Proof. We know that 2−
n
2H(2k)f (a) is a root of unity. Therefore, for every
a ∈ F2n ,
H(2k)f (a) = 2
n
2 ζ
f⋆(a)
2k
= 2
n−1
2
√
2 ζ
f⋆(a)
2k
,
for some map f⋆ : F2n → Z2k . Recall now that Q(
√
2) ⊂ Q(ζ2k). Indeed,√
2 = ζ8 + ζ¯8 = ζ8 + ζ
−1
8 = ζ8 + ζ
7
8 = ζ8 − ζ38 = ζ2
k−3
2k
− ζ3·2k−3
2k
. Thus
H(2k)f (a) = 2
n−1
2
(
ζ
f⋆(a)+2k−3
2k
− ζf⋆(a)+3·2k−3
2k
)
.
Write f⋆(a) + 2k−3 = g1(a) + 2k−1s2(a) + 2kt1(a) and f⋆(a) + 3 · 2k−3 =
g2(a) + 2
k−1s2(a) + 2kt2(a) so that
H(2k)f (a) = 2
n−1
2 (−1)s1(a)ζg1(a)
2k
− 2n−12 (−1)s2(a)ζg2(a)
2k
.
In the proof of Theorem 4.1, we have established the following relation be-
tween the Walsh-Hadamard transform of f and the Walsh transform of its
“component” fc (take i = 1 in (11) and recall that ι is the “canonical” injec-
tion from Fk−12 to Z2k−1 which sends (c0, . . . , ck−2) to
∑k−2
j=0 cj2
j), namely,
H(2k)f (a) =
1
2k−1
∑
(c,d)∈Fk−12 ×Fk−12
(−1)c·dζι(d)
2k
.Wfc(a) (11)
=
∑
d∈Fk−12

 1
2k−1
∑
c∈Fk−12
(−1)c·dWfc(a)

 ζι(d)2k . (12)
Then, one has
1
2k−1
∑
c∈Fk−12
(−1)c·dWfc(a) =


0 if d 6∈ {g1(a), g2(a)}
2
n−1
2 (−1)s1(a) if d = g1(a)
−2n−12 (−1)s2(a) if d = g2(a).
(13)
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Thus
Wfc(a) =
1
2k−1
∑
(c,d)∈Fk−12 ×Fk−12
(−1)(c+c)·dWfc(a)
=
∑
d∈Fk−12
(−1)c·d 1
2k−1
∑
c∈Fk−12
(−1)c·dWfc(a)
=
(−1)c·g1(a)+s1(a) − (−1)c·g2(a)+s2(a)
2
2
n+1
2
proving that fc is semibent since
(−1)c·g1(a)+s1(a) − (−1)c·g2(a)+s2(a)
2
∈ {−1, 0, 1}
for every a ∈ F2n .
In the following proposition we decompose a gbent function in GB2kn
into two gbent functions in GB2k
′
n for some k
′ smaller than k. We will
show the decomposition more general for g-hyperbent functions, where we
consider functions from F2n to Z2k . The crucial lemma for analyzing the
decomposition of f when n is even, is Lemma 2.1. For instance the proof of
Proposition 2.3 (i) is based on this lemma.
We intend to show our results on decompositions of gbent functions for
n even and for n odd simultaneously. Therefore we first deduce a more
complex analog of Lemma 2.1 which is applicable to gbent functions in an
odd number of variables.
For k ≥ 3, let again ζ2k be a primitive 2k-root of unity. Then ζ2
k−3
2k
is
a primitive 23-root of unity, and without loss of generality, we assume that
ζ2
k−3
2k
= ζ23 = (1 + i)/
√
2. Recall that for k ≥ 3 every gbent function is
regular, i.e. for an integer 0 ≤ ρu ≤ 2k − 1 (depending on u) we have
H(2k)f (u) = 2n/2ζρu2k = 2n/2ζ2
k−3
2k ζ
ρu−2k−3
2k
= 2
n−1
2 (1 + i)ζρu−2
k−3
2k
= 2
n−1
2 ζρu−2
k−3
2k
+ 2
n−1
2 ζ2
k−2
2k ζ
ρu−2k−3
2k
= 2
n−1
2 ζρu−2
k−3
2k
+ 2
n−1
2 ζρu+2
k−3
2k
.
Proposition 4.4. For an odd integer n and k ≥ 3, let f be a function from
Vn to Z2k , for u ∈ Vn let fu(x) = f(x) + 2k−1(u · x), and let Bu(ρ) = {x ∈
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Vn : fu(x) = ρ}. Then f is gbent if and only if for all u ∈ Vn there exists
an integer ρu, 0 ≤ ρu ≤ 2k − 1, such that
|Bu(ρu − 2k−3 + 2k−1)| = |Bu(ρu − 2k−3)| ± 2
n−1
2
and
|Bu(ρu + 2k−3 + 2k−1)| = |Bu(ρu + 2k−3)| ± 2
n−1
2
where in both equations we have the same sign (and the argument of Bu is
reduced modulo 2k), and
|Bu(ρ+ 2k−1)| = |Bu(ρ)|,
if ρ 6= ρu ± 2k−3, ρu ± 2k−3 + 2k−1.
Proof. Let f be a function from Vn to Z2k for which the conditions in the
proposition hold. For u ∈ Vn, the generalized Walsh-Hadamard transform
at u is then
H(2k)f (u) =
∑
x∈Vn
ζ
fu(x)
2k
=
2k−1∑
ρ=0
|Bu(ρ)|ζρ2k
= (|Bu(ρu − 2k−3)| − (|Bu(ρu − 2k−3)| ± 2
n−1
2 ))ζρu−2
k−3
2k
+ (|Bu(ρu + 2k−3)| − (|Bu(ρu + 2k−3)| ± 2
n−1
2 ))ζρu+2
k−3
2k
= ±2n−12 ζρu−2k−3
2k
± 2n−12 ζρu+2k−3
2k
= 2
n−1
2 ζρu
2k
ζ2
k−3
2k (±i± 1)
= 2
n−1
2 ζρu
2k
1 + i√
2
(±i± 1) = 2n−12 ζρu
2k
1 + i√
2
α.
(Here the arguments of Bu are reduced modulo 2
k.) With 1+i√
2
(1 + i) =
√
2i =
√
2ζ2
k−2
2k
, we get H(2k)f (u) = 2n/2ζρu+2
k−2
2k
when α = 1 + i. Similarly,
when α = −1− i, α = 1− i, respectively α = −1+ i, for H(2k)f (u) we obtain
2n/2ζρu+2
k−2+2k−1
2k
, 2n/2ζρu
2k
, respectively 2n/2ζρu+2
k−1
2k
. Therefore f is gbent.
Conversely suppose that f is gbent. As observed above, for u ∈ Vn we
then have
H(2k)f (u) = 2
n−1
2 ζρu−2
k−3
2k
+ 2
n−1
2 ζρu+2
k−3
2k
, (14)
for some 0 ≤ ρu ≤ 2k − 1 depending on u. By the definition of Bu(ρ) we
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moreover have
H(2k)f (u) = |Bu(0)| + |Bu(1)|ζ2k + · · ·+ |Bu(2k−1 − 1)|ζ2
k−1−1
2k
+ |Bu(2k−1)|(−1) + |Bu(2k−1 + 1)|ζ2k−1+12k + · · ·+ |Bu(2k − 1)|ζ2
k−1
2k
= (|Bu(0)| − |Bu(2k−1)|) + (|Bu(1)| − |Bu(2k−1 + 1)|)ζ2k + · · ·
+ (|Bu(2k−1 − 1)| − |Bu(2k − 1)|)ζ2k−1−12k . (15)
Since {1, ζ2k , . . . , ζ2
k−1−1
2k
} is a basis of Q(ζ2k), the conditions in the propo-
sition follow from equations (14) and (15).
Let us now explain how to deduce from Proposition 4.4 a first result.
We include the hyperbent condition only in the first part of the proof of
the following proposition. As we will see, including this condition does not
change the arguments, hence we will omit it in the further, although the
decomposition results also hold for g-hyperbent functions.
Proposition 4.5. Let k ≥ 2t, and let f : F2n → Z2k be a g-hyperbent
function given as
f(x) = a1(x) + 2a2(x) + · · · + 2k−1ak(x) = g(x) + 2th(x)
for some Boolean functions ai : F2n → F2, 1 ≤ i ≤ k, and
g(x) = a1(x) + 2a2(x) + · · ·+ 2t−1at(x) ∈ GB2tn ,
h(x) = at+1(x) + 2at+2(x) + · · ·+ 2k−t−1ak(x) ∈ GB2k−tn .
If n is even or k ≥ 3, then the functions h(x) and h(x) + 2k−2tg(x) are
g-hyperbent functions in GB2k−tn .
Proof. For an integer i, gcd(i, 2n − 1) = 1, and an element u ∈ Vn = F2n ,
let fu,i(x) = f(x) + 2
k−1Trn(uxi), hu,i(x) = h(x) + 2k−t−1Trn(uxi), and for
0 ≤ e ≤ 2t − 1, 0 ≤ r ≤ 2k−t − 1, denote by S(u,i)(e, r) the set
S(u,i)(e, r) = {x : fu,i(x) = e+ 2tr} = {x : g(x) = e, hu,i(x) = r}.
First we suppose that n is even. Then, since f is g-hyperbent, by an obvious
version of Lemma 2.1 for g-hyperbent functions, for 0 ≤ e ≤ 2t − 1 and
0 ≤ r˜ ≤ 2k−t−1 − 1 we have
|S(u,i)(e, r˜)| = |S(u,i)(e, r˜ + 2k−t−1)|
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for all but one pair, say the pair (e, r˜) = (ǫu,i, ρu,i), for which we have
|S(u,i)(ǫu,i, ρu,i + 2k−t−1)| = |S(u,i)(ǫu,i, ρu,i)| ± 2n/2.
Consequently,
H(2k−t)h,i (u) =
∑
x∈Vn
ζ
h(x)+2k−t−1Trn(uxi)
2k−t
=
∑
x∈Vn
ζ
hu,i(x)
2k−t
=
∑
0≤e≤2t−1
0≤r≤2k−t−1
|S(u,i)(e, r)|ζr2k−t
=
∑
0≤e≤2t−1
0≤r˜≤2k−t−1−1
[
|S(u,i)(e, r˜)| − |S(u,i)(e, r˜ + 2k−t−1)|
]
ζ r˜2k−t
= ±2n/2ζρu,i
2k−t
,
hence h is g-hyperbent. For h+ 2k−2tg we have
H(2k−t)
h+2k−2tg,i
(u) =
∑
x∈Vn
ζ
hu,i(x)+2
k−2tg(x)
2k−t
=
∑
0≤e≤2t−1
0≤r˜≤2k−t−1−1
[
|S(u,i)(e, r˜)| − |S(u,i)(e, r˜ + 2k−t−1)|
]
ζ r˜+2
k−2te
2k−t
= ±2n/2ζρu,i+2k−2tǫu
2k−t
,
and hence h+ 2k−2tg is g-hyperbent.
Now suppose that n is odd and k ≥ 3. Let fu(x) = f(x) + 2k−1Trn(ux),
hu(x) = h(x) + 2
k−t−1Trn(ux), S(u)(e, r) = {x : fu(x) = e + 2tr} = {x :
g(x) = e, hu(x) = r}. If f is gbent, by Proposition 4.4 there exist two
integers
ρ(1)u = ǫu,1 + 2
tρu,1 = ρu − 2k−3,
ρ(2)u = ǫu,2 + 2
tρu,2 = ρu + 2
k−3,
where 0 ≤ ǫu,j ≤ 2t − 1, 0 ≤ ρu,j ≤ 2k−t−1 − 1, j = 1, 2, such that
|Su(ǫu,j , ρu,j + 2k−t−1)| = |Su(ǫu,j, ρu,j)| ± 2
n−1
2 , j = 1, 2.
For (e, r) 6= (ǫu,j, ρu,j) we have
|Su(e, r + 2k−t−1)| = |Su(e, r)|.
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Observe that ρ
(2)
u − ρ(1)u = ǫu,2 − ǫu,1 + 2t(ρu,2 − ρu,1) = 2k−2, therefore
2t|(ǫu,2 − ǫu,1), and consequently ǫu,2 = ǫu,1 and ρu,2 − ρu,1 = 2k−t−2. For
the generalized Walsh-Hadamard transform of h we then get
H(2k−t)h (u) =
∑
x∈Vn
ζ
hu(x)
2k−t
=
∑
0≤e≤2t−1
0≤r≤2k−t−1
|S(u)(e, r)|ζr2k−t = 2
n−1
2
(±ζρu,1
2k−t
± ζρu,2
2k−t
)
= 2
n−1
2
(
±ζρu,1
2k−t
± ζρu,1
2k−t
ζ2
k−t−2
2k−t
)
= 2
n−1
2 ζ
ρu,1
2k−t
(±1± i),
hence h is gbent. For h+ 2k−2tg, using that ǫu,2 = ǫu,1 := ǫu we obtain
H(2k−t)
h+2k−2tg
(u) =
∑
x∈Vn
ζ
hu(x)+2k−2tg(x)
2k−t
= 2
n−1
2
(
±ζρu,1+2k−2tǫu
2k−t
± ζρu,2+2k−2tǫu
2k−t
)
= 2
n−1
2 ζ
ρu,1+2k−2tǫu
2k−t
(±1± i),
and hence h+ 2k−2tg is gbent.
With Proposition 4.5 we can conclude the equivalence of the conditions
in Theorem 2.5 also for odd n. We use multivariate notation, but keep in
mind that many results also apply to g-hyperbent functions, which are only
defined when Vn = F2n .
Corollary 4.6. Let f ∈ GB2kn with f(x) = g(x)+2h(x), g ∈ Bn, h ∈ GB2
k−1
n .
Let n be even or k ≥ 3, then the following statements are equivalent.
(i) f is gbent in GB2kn ;
(ii) h and h+2k−2g are both gbent in GB2k−1n with Hh+2k−2g(u) = ±Hh(u)
for all u ∈ Vn.
Proof. For even n, the corollary is Theorem 2.5. By Remark 2.6, for odd
n it suffices to show that h and h + 2k−2g are both gbent in GB2k−1n if f is
gbent in GB2kn . This follows for k ≥ 3 from Proposition 4.5 with t = 1.
We can now show one of our main theorems about the decomposition of
g-(hyper)bent functions. Proposition 2.3(i), that is, Theorem 18 in [8], will
also follow from this theorem as a special case.
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Theorem 4.7. Let f ∈ GB2kn , k ≥ 2, with f(x) = a1(x) + 2a2(x) + · · · +
2k−1ak(x), ai ∈ Bn, 1 ≤ i ≤ k, be a gbent function. Let 1 ≤ s ≤ k, and let
c ∈ Fs−12 . The function
gc(x) = as + 2as+1 + · · · + 2k−s
(
s−1⊕
i=1
ciai ⊕ ak
)
is a gbent function in GB2k−s+1n if
- n is even,
- n is odd and s < k.
Moreover, for c0 = (c1, . . . , cs−2, 0), c1 = (c1, . . . , cs−2, 1) we have
Hgc1 (u) = ±Hgc0 (u),
for all u ∈ Vn.
If n is odd and s = k (hence gc is Boolean), then gc is semibent.
Proof. We show the result by induction. If s = 1, the claim is obvious. If
s = 2, by taking g := a1, h := a2 + 2a3 + · · · + 2k−2ak, the claim follows
from Corollary 4.6, since then f is gbent if and only if both h = a2 +
2a3 + · · · + 2k−2ak, h + 2k−2g = a2 + 2a3 + · · · + 2k−2(a1 ⊕ ak) are gbent
and Hh(u) = ±Hh+2k−2g(u), for all u. Assume the result is true for some
s ≤ k − 1, i.e., gc(x) = as + 2as+1 + · · · + 2k−s
(⊕s−1
i=1 ciai ⊕ ak
)
is a gbent
function in GB2k−s+1n for all c = (c1, . . . , cs−1) ∈ Fs−12 . We show that it then
also holds for s+1. We apply Corollary 4.6 to gc ∈ GB2k−s+1n . Note that we
therefore require k − s + 1 ≥ 3, i.e., s ≤ k − 2, if n is odd. We obtain that
for (c, 0) and (c, 1) in Fs−12 , both
g(c,0) = as+1 + 2as+2 + · · ·+ 2k−s−1
(
s−1⊕
i=1
ciai ⊕ ak
)
and
g(c,1) = as+1 + 2as+2 + · · ·+ 2k−s−1
(
s−1⊕
i=1
ciai ⊕ as ⊕ ak
)
are gbent functions in GB2k−sn . Therefore gc ∈ GB2
k−s
n is gbent for every
c ∈ Fs2, 1 ≤ s ≤ k when n is even, and 1 ≤ s ≤ k − 1 when n is odd.
Moreover, again applying Corollary 4.6, we get
Hg(c,1)(u) = ±Hg(c,0)(u),
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for all u ∈ Vn. By Theorem 4.3, if n is odd and s = k then for every
c ∈ Fs−12 the Boolean function gc is semibent.
Remark 4.8. If, conversely, Hg(c,1)(u) = ±Hg(c,0)(u) holds for all u ∈ Vn
and c ∈ Fs−12 , by Corollary 4.6, all functions gc(x) = as(x) + 2as+1(x) +
· · ·+ 2k−s
(⊕s−1
i=1 ciai(x)⊕ ak(x)
)
∈ GB2k−s+1n are gbent. However, we have
to impose the analog property for this set of gbent functions for the next step.
We finish with a decomposition of gbent functions in GB2ltn into gbent
functions in GB2tn . The following theorem generalizes both, Proposition 2.3(i),
[8, Theorem 12] and partially Theorem 4.1. To this end, let us introduce
additional notation and present some facts that shall help us in our analy-
sis. The core of the proof of Theorem 4.1 is (6) which simply expresses the
following decomposition of ζ2
jα
2k
for α ∈ {0, 1} with respect to {1, ζ2 = −1}.
In fact, equation (6) is simply a particular case. Indeed, one can express
more generally ζ2
jα
2k
, α ∈ Z2t , with respect to {1, . . . , ζ2t} if t is a divisor of
k. Let V2t(ζ2t) and V2t(ζ−12t ) be the 2t × 2t Vandermonde matrices :
V2t(ζ2t) =


1 1 · · · 1
1 ζ2t ζ
2t−1
2t
...
...
...
1 ζ2
t−1
2t ζ
(2t−1)(2t−1)
2t


and
V2t(ζ−12t ) =


1 1 · · · 1
1 ζ−12t ζ
−(2t−1)
2t
...
...
...
1 ζ
−(2t−1)
2t ζ
−(2t−1)(2t−1)
2t

 .
Observe that
V2t(ζ2t)V2t(ζ−12t ) = 2tI2t , (16)
where I2t stands for the identity matrix of size 2
t. Define now a collection
of maps from C to itself by setting

h0(z)
h1(z)
...
h2t−1(z)

 = V2t(ζ−12t )


1
z
...
z2
t−1


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or equivalently, for any α ∈ Z2t ,
hα(z) =
∑
β∈Z2t
ζ−αβ2t z
β . (17)
Furthermore, according to (16), one has, for any z ∈ C,

1
z
...
z2
t−1

 = 12tV2t (ζ2t)


h0(z)
h1(z)
...
h2t−1(z)

 (18)
that is, for β ∈ Z2t ,
zβ =
1
2t
∑
α∈Z2t
ζαβ2t hβ(z). (19)
Then, we show the next theorem.
Theorem 4.9. Let n be even. Let k = lt and let f ∈ GB2kn be a g-hyperbent
function given as
f(x) = b1(x) + 2
tb2(x) + · · ·+ 2(l−1)tbl(x),
for some functions bi ∈ GB2tn , 1 ≤ i ≤ l. If n is even or t ≥ 2, then for every
c = (c1, c2, . . . , cl−1) ∈ Zl−12t , the function
gc(x) = c1b1(x) + · · ·+ cl−1bl−1(x) + bl(x) ∈ GB2tn
is g-hyperbent.
Proof. The extended Hadamard-Walsh transform of f is :
H(2k)f,i (a) =
∑
x∈F2n
ζ
f(x)
2k
(−1)Trn(axi). (20)
Using (17) and (19), one gets
ζ
f(x)
2k
= ζ
bl(x)
2t
l−1∏
j=1
ζ
2(j−1)tbj(x)
2k
= ζ
bl(x)
2t
l−1∏
j=1
(
1
2t
∑
cj∈Z2t
ζ
cjbj(x)
2t hcj
(
ζ2
(j−1)t
2k
))
= ζ
bl(x)
2t
l−1∏
j=1
(
1
2t
∑
cj∈Z2t
ζ
cjbj(x)
2t
∑
dj∈Z2t
ζ
−cjdj
2t ζ
2(j−1)tdj
2k
)
= ζ
bl(x)
2t
l−1∏
j=1
(
1
2t
∑
(cj ,dj)∈Z22t
ζ
cj(bj(x)−dj)
2t ζ
2(j−1)tdj
2k
)
.
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Therefore,
ζ
f(x)
2k
= ζ
bl(x)
2t ×
1
2k−t
∑
(c,d)∈Zl−1
2t
×Zl−1
2t
ζ
∑l−1
j=1 2
(j−1)tdj
2k
ζ
∑l−1
j=0 cj(bj(x)−dj)
2t
=
1
2k−t
∑
(c,d)∈Zl−1
2t
×Zl−1
2t
ζ
∑l−1
j=1 2
(j−1)tdj
2k
ζ
gc(x)−c·d
2t ,
where c · d =∑l−1j=1 cjdj . If we use the above relation in (20), then
H(2k)f,i (a) =
1
2k−t
∑
(c,d)∈Zl−1
2t
×Zl−1
2t
ζ−c·d2t ζ
∑l−1
j=1 2
(j−1)tdj
2k
Wfc,i(a). (21)
At this stage, observe that (21) generalizes (11) (which corresponds to t = 1).
It is then quite straightforward to repeat the arguments of the proof of
Theorem 4.1 to get Theorem 4.5.
5 Conclusion
In this paper we extend the concept of a hyperbent function to generalized
Boolean functions from F2n to Z2k , and we present examples of generalized
hyperbent functions obtained with partial spreads. We investigate decompo-
sitions of generalized (hyper)bent functions (gbent respectively g-hyperbent
functions). We prove that g-(hyper)bent functions from F2n to Z2k decom-
pose into g-(hyper)bent functions from F2n to Z2k′ for some k
′ < k. We show
that when n is odd, then the Boolean functions associated to a generalized
bent function form an affine space of semibent functions. This complements
a result [8], where it is shown that for even n the associated Boolean func-
tions are bent.
We finally remark that for a gbent function from Vn to Z2k , the function
cf is in general not gbent when c ∈ Z2k is even. Functions for which cf is
gbent for every nonzero c seem to be quite rare. Some examples obtained
from partial spreads are in [9]. Such functions may be particularly inter-
esting for future research as they yield relative difference sets (being bent).
For a general discussion on relative difference sets and functions between
arbitrary abelian groups we refer to [12].
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